Text
Introduction
The Kerner v. Denver 1 case concerns the propriety of the use of a test, the Accuplacer, by the City and County of Denver to establish eligibility lists for individuals applying for employment. The plaintiffs assert that the test has a disparate impact on minority applicants, i.e. they fail the exam at significantly higher rates than Caucasians and the exam is not a valid predictor of successful performance of the jobs. A class action covering African-American and Hispanic applicants for jobs requiring them to pass the test was certified in September 2015. The class consists of 386 individuals who applied for at least one of the 21 positions in Denver that required an applicant to have a minimum score on the Accuplacer exam. The exam had a reading component and a writing one. Some Section 2 reviews the statistical presentations of the experts for both parties and their rebuttal declarations. Because the test was used to screen applicants for many jobs, a major statistical issue in the case concerns which method of analysis is appropriate. In particular, the plaintiffs first pooled the data for all 21 positions into one large sample and found a statistically significant result. The defendant analysed the data for each position separately and found statistically significant differences in 8 of the 21 positions and concluded that this finding was not consistent with a general pattern of disparate impact in the positions that the test was used for. The authors′ analysis of the main data set concerning the pass rates of minority and majority applicants is presented in Section 3. The consistency of our finding that the test had a disparate impact with the defendant′s expert′s observing a statistically significant disparity in only 8 of the 21 jobs is demonstrated in Section 4. The importance of checking Page 3 of 19 Statistical issues arising in the Kerner v. Denver: A class action disparate impact case that the disparities in pass rates in the various strata (positions) are sufficiently similar before using the CochranMantel-Haenszel (MH or CMH) test or other combination procedure to analyse the data is illustrated in Section 5. The last section discusses the parallels between the analysis of stratified data in the Equal Employment Opportunity Commission (EEOC) context and the analysis of multi-centre clinical trials and notes that the need for stratifying data into relatively homogeneous subgroups may be greater in the EEOC area because applicants and employees are not randomized to treatment or control as in clinical trials.
Summary of the statistical analyses submitted to the court

Plaintiff′s expert′s original analysis
The plaintiffs′ first analysis compared the failure rates of White and Black/Hispanic applicants by pooling the passfail data from each of the 21 jobs at issue into a single 2 × 2 table. Table 1 ′reproduces′ the Table 1 from their expert′s (P) report, which reports the data and summarizes their analysis.
Comment:
It is important to point out that both the ′title′ of the table and the ′heading′ of the last column ′misinterpret′ the p-value of a statistical test. 7 The p-value is ′not′ the probability that the results are independent of race or the likelihood of the test being race-neutral. Rather it is the probability of observing a difference of ′at least as large as the actual one of 17%′ between the failure rates of the two groups assuming that members of both 7 The heading of the next to last column conflates two related but distinct concepts. The significance level of a test is a pre-set value, usually 0.05 but sometimes 0.01, used to determine whether or not the test of the data reaches statistical significance. The p-value is the probability; calculated assuming the null hypothesis is true, that data at least as far away as the actual data would occur. The p-value is more informative than just reporting whether or not the data is statistically significant, i.e. whether the p-value is less than the pre-set threshold, say 0.05 because one also knows how unlikely the data would occur assuming the null hypothesis (both groups have the same pass rate in) is true. Finally, there is a typo in the last column as the p-value of 5 × 10-15 is 5 in one thousand trillion, which is an extremely small probability.
Page 4 of 19 Statistical issues arising in the Kerner v. Denver: A class action disparate impact case groups had the same chance of failing the test. When this probability, named p-value, is low one infers that the observed data is inconsistent with the assumption that the failure rates of the two groups are equal and concludes that they differ. It is important to recall that the p-value of a statistical test depends on both the ′magnitude of the difference′ in pass rates and the ′sample sizes′ of the two groups. By aggregating applicants from all jobs into one large sample, small differences in failure or pass rates can be classified as statistically significant. 8 Expert P used the chi-square test to analyse the data in Table 1 , obtaining a value of about 105 for a chi-square distribution with 1 degree of freedom corresponding to a very small p-value, less than one in a billion. The expert then compared the data on failure rates of each minority group to that of whites.
As 311 of 752 African-American applicants failed the test and 609 of 1463 Hispanic applicants failed, comparing their failure rates with the 345 of 1394 whites again yielded highly significant results. 9 The report concluded that the Accuplacer test had a consistent preferential impact on white applicants and a corresponding negative one on nonwhites.
Defendant′s original report 10
Defendant′s expert (D) presented a table giving the pass rates and average scores on the reading and writing tests of ′all′ applicants for each of the jobs. He showed that there was a statistically significant variation in the pass rates for the different positions. 11 He suggested that this variation could arise because the passing score was not the same for all positions. Indeed, some positions only administered one of the two parts of the AccuPlacer exam to applicants. Due to the variation in pass rates for the different positions, expert D argued that it was more appropriate to examine the impact of the test by controlling for the position applicants applied for. Furthermore, he claimed that this procedure allows us to determine if the test impacted minority applicants similarly across titles. Expert D noted that Fisher′s exact test is a commonly accepted test that ′measures the likelihood of differences in selection rates between groups′, in this case the pass rates of the minority group of African-Americans and Hispanics compared to the pass rates of Caucasians. 12 Expert D carried out two analyses. Some individuals applied for multiple position postings ′within′ a job title, so they took the exam several times. The first analysis included all times an applicant took the exam. The second considered each applicant for the same position or classification title once. Although the expert′s report does not state the criterion used to determine pass, it is sensible to assume that if someone took the test several times and eventually passed, then he/she would be classified as a pass. 13 Essentially, this classifies multiple applications for Statistical issues arising in the Kerner v. Denver: A class action disparate impact case the same position by their scores on the last exam they took. Because the test results of the same individual are likely to be positively correlated, the first data set will not be discussed here. The second data set, including the results of Fisher′s exact test applied to each of the 21 positions is given in Table 2 below. 14 Expert D then noted that the difference in pass rates between minority and white test takers reached statistical significance in only 8 of the 21 positions. Furthermore, he stated that the difference between the proportion of minorities taking the test and their proportion of test passers ranged from -1.6% to 7.6%. He concludes that there is no evidence to support the allegations that minority applicants had significantly higher failure rates than Caucasians in the 13 of the 21 job titles because the differences in those positions were not statistically significant. Page 6 of 19 Statistical issues arising in the Kerner v. Denver: A class action disparate impact case Comments: (1) Comparing the minority proportion of all applicants to their proportion of test passers is not the preferred comparison. 15 Rather one should compare the pass rates directly as is done in Section 3. Both experts in the case used Fisher′s exact test, which is an appropriate test and will be used in that section. There are newer statistical tests, which have more power to detect a difference in pass rates in the context of this case. 16 (2) Because the same exam, albeit with different criteria for passing, is used for all the positions, analysing one strata or job category at a time loses information. Furthermore, in Section 4 it will be seen that, in three job titles the configuration of the data is such that it is mathematically ′impossible′ for Fisher′s exact test to reach statistical significance at the commonly used 0.05 or two-standard deviation level.
(3) The simple aggregation of stratified data into one single 2 × 2 table as Expert P did in Table 1 is statistically questionable due to the possibility of Simpson′s paradox (Agresti, 1996, pp. 57, 258 and Samuels, 1993) , where the pass rates of two groups can be equal in each of the strata but be statistically significantly different in the aggregated data. This occurs when the demographic mix of the applicants in the different strata varies substantially and the strata with more minorities have a lower pass rates. To illustrate the problem, consider two job categories (strata). One-half of the applicants pass in the first strata, but only one-fourth pass in the second. Suppose there are 200 majority and 100 minority applicants in the first strata and both groups have a 50% pass rate. In the second job category there are 100 majority and 200 minority applicant and both groups have a 25% pass rate. In the aggregated table 125 of the 300 majority applicants pass while only 100 of the 300 minorities pass. In the aggregated data, 41.67% of majority members pass while 33.33% of the minority members pass. Applying Fisher′s exact test to the aggregated data yields a statistically significant result (p-value = 0.043); nevertheless, the pass rates of the minority and majority applicants to each job were identical.
Response of plaintiffs′ expert
Expert P′s response notes that defendant′s major criticism of his original report was that by combining all the test results for all 21 positions into a single sample before applying Fisher′s exact text was inappropriate and the results for each job group should be analysed individually. He claims: (a) that a test examining pass rates for all applicants is the more appropriate test and (b) a test making a single determination of disparate impact in each job group ignores a general trend and conceals a substantial disparity by creating such small groups that no statistical significance can be found. 17 To support these arguments, expert P considers hypothetical scenarios where the racial composition of the applicants is the same (62% minority) for all job categories and the minority pass rate is 67% in all of the positions and majority pass rate is 83% in all positions. Assuming various possible totasample sizes, from 10 to 140, he demonstrates that statistical significance would not be found untithere were 140 or more applicants in the job 15 Courts do accept this type of comparison when the number of selections, passers here, is a small fraction of the total population of applicants. In this situation, it can be shown (Gastwirth and Greenhouse, 1987) that the statistic based on the Expert D′s comparison is a good approximation to the test of the two pass rates. This approximation is known as the binomial model (Finkelstein, 1966) and is appropriate for the analysis of data arising in fair jury representation cases as the number of individuals called for service during a period of 6 months to a year is a small fraction of the jury eligible population. In that context, the method was accepted by the Court in Castaneda v. Partida, 430 U.S. 482 (1977) . There is a minor discrepancy between the range (-1.6% to 7.6%) of the minority proportions in the report of Expert D and in the range (-1.0% and 11.8%) we calculated from Table 2 . 16 Unlike Fisher′s exact test, the p-value of the procedure of Berger and Boos (1994) is not calculated from the conditional distribution of the number of minority passers given the total number of passers. Their test finds statistical significance in all the positions Fisher′s exact test does and in an additional one, the position AST. For the position AST, 14 of 28 minorities passed and 13 of 16 majority applicants passed. The p-value of the two-sided Fisher′s exact test equaled 0.0565 while the p-value of the two-sided Berger-Boos test is 0.044, which reaches significance at the 0.05 level. A freely available R programme for calculating the Berger-Boos test was developed by Calhoun (2015) . Statistical issues arising in the Kerner v. Denver: A class action disparate impact case category. Expert P then points out the fact that the disparities in smaller groups do not reach statistical significance does not imply that the overaldisparity is not statistically significant. He then cites a number of statistical publications that describe appropriate methods for combining evidence from all the groups into one summary test. 18 Then the well-established MH test, which expert P calls the Peer Group test, is applied to the data in Table 2 and yielding a highly significant result. 19 The declaration states: ′The Peer Group test computes a level of statistical significance for the disparity while comparing only similarly situated applicants, by controlling for membership in a group. The test also provides a way to determine whether we should accept that the overall level of impact is an appropriate measure of the disparate impact for each group. This is referred to as a test for homogeneity′. 20 The declaration of Expert P states that the Peer Group test checks the method used by Expert D ′by testing statistical significance of a disparity when analyzing applicants by job group, and a check of my method by indicting whether the subgroups are homogeneous (meaning there is a consistent impact across all groups) and should be treated as a single homogeneous group rather than distinct subgroups′. 21 Then Expert P claims that the peer group test rejects Expert D′s assertion that the job titles exhibit different levels of disparity. The declaration states ′The Peer Group test compares the racial disparity in test results for each job (Classification Title) , and combines the evidence from all jobs to determine whether the disparity is different in different jobs or homogeneous. The Peer Group test determines whether the evidence from all jobs points to a common level of disparity in test results, or points to different levels of disparity job to job. In other words, are the differences we observe job to job the result of chance or of real differences in the racial disparity in test results. The result: the Peer Group test concludes that the disparity is homogeneous for all jobs … The test thereby supports my analysis of all applicants as a homogeneous group.′ 22 Comments: Expert P is correct when he argues the fact that a disparity is not statistically significant in each stratum does not imply that the overall pattern of disparity is not significant. This point is very important when the sample sizes in many strata are small. 23 The authors have not been able to find a reference for the ′Peer Group test′ which Expert P said is the MH test. The MH test is not a test for homogeneity. 24 The most commonly used 18 Ibid at 10. In particular, the declaration cites the books by Finkelstein and Levin (2001) and Fleiss (1986) and the article by Gastwirth and Xu (2014) . 19 Ibid at 11, reporting a p-value of 10-41. 20 Ibid at 11, part 24.
21 Ibid. at 11 (point 24) . 22 Ibid at 11-12 (point 26). 23 A statistical test in the small sample situation may have low power, i.e. might not be able to classify a legally meaningful difference as statistically significant. This issue is discussed in Zeisel and Kaye (1997) at p. 88, Collins and Morris (2008) and Gastwirth and Xu (2014) . For example, suppose one is examining data on hiring, where a minority forms 20% of the qualified labor force in the area from which the employer draws applicants. Suppose the employer has ten units and each hires 10 new employees from the area. Suppose all ten units do not hire a single minority individual this year. If one examines each unit separately, one would compare the zero number of minority hires to the number, two, that would be expected. Under random selection of ten hires from the large labor force, the probability that none would be minority is .107. This probability is greater than .05, so statistical significance is not reached in that unit. When one looks at the 100 hires in all ten units and observes that none of them were minority, although one would expect about 20 to be, one should not need formal statistical analysis to conclude that the employer did not hire minority members. Indeed, the probability that ten random samples of 10 from this large qualified labour force would contain ′no′ minorities is about 2.00 × 10-n10 or less than one in a billion. 24 The MH test, also referred to as the CMH or Cochran-Mantel-Haenszel test, in our application is a test of whether there is an association between pass rates and race of applicants, conditioning on the job applied for. The procedure is carefully described by Agresti (1996, pp. 60-65) who notes that individuals in different strata, e.g. job groups, might well vary with respect to other characteristics, e.g. educational level that could affect their probability of passing and the type of job they would apply for. Statistical issues arising in the Kerner v. Denver: A class action disparate impact case homogeneity test is the Breslow-Day test (Breslow and Day, 1980) , which checks whether the ′odds ratios′ 25 of the two pass rates in the 21 job categories are the same, i.e. whether the data is consistent with a common odds ratio underlying all 21 data sets. It will be used to analyse the data in Table 2 in Section 3 and will essentially confirm Expert P′s conclusions that the data are consistent with having a common odds ratio and that the disparity between the minority and majority pass rates in the job groups is statistically significant. On the other hand, the fact that a p-value obtained from a test for homogeneity is higher than 0.05 does ′not′ necessarily justify combining the data from all 21 positions into a single table for analysis. Indeed, Whittemore (1978) discusses this issue and gives the mathematical criteria the data must satisfy to justify pooling all the data and provides an illustrative example. 26 A related concern is whether the summary odds ratio obtained from the MH procedure and the single odds ratio from the aggregated data are in opposite directions, e.g. one is less than 1.0, while the other is greater than 1.0 is discussed by Samuels (1993) .
Defence expert′s declaration in response 27
Expert D disputes the argument made by Expert P that group-wide analysis is widely accepted and mandated by the Regulations issued by the Federal Civil Rights Agencies. He notes that one part of those regulations requires employers who use pre-employment tests to maintain records for each job so they can make adverse impact determinations for each job. 28 From a statistical point of view, Expert D agrees that a group-wise analysis of similarly situated individuals is reasonable; however, he argues that the groups of applicants applying to the various jobs were ′not′ similarly situated. He notes that individuals applying to different positions are likely to vary in educational background and skills, so they will have different probabilities of passing the test. In addition, he notes that the passing requirements varied among the job categories; some positions required applicants to pass both portions of the AccuPlacer test while other jobs used only one of the two component tests. He concludes that one would expect the test to have different impacts on applicants in the different job titles, so they must be examined separately. 29 To buttress his argument, he expands his examination of testing whether the pass rates for the different positions were equal. Previously, he looked at the pass rate of all applicants and found they varied with the job. Now he studies whether the 21 pass rates of applicants of each race-ethnic group were equal. For whites, he found a statistically significant variation, described as ′The test indicates there is less than a .0001 probability that the Individuals in the same stratum who have applied for the same position are more likely to have similar educational and other characteristics than applicants to different jobs. 25 If p is a probability of an event, the odds of its occurrence is p/(1-p). For example, if the probability of an event is 1/3, the odds of its occurrence are (1/3)/(2/3) or ½ or 1:2. In horse racing, this means that if the probability that your horse will win is 1/3, a fair bet would have you win $2.00 if you bet $1.00. This article uses this formula to calculate the odds ratios for each of the positions in Table 3 , infra. For example, the pass rate for whites applicants for the ACI job equals 0.8163, so their odds = 0.9163/ 0.1837 = 4.4437. The odd for minorities equals 0.625/0.375 =1.6667 so the odds ratio is 1.6667/4.4437 = 0.375. In situations where one knows the total number of passers from both groups there is another estimator, called the conditional maximum likelihood estimate, which uses this fact. For most data sets of reasonable size, the two estimators give very similar answers, so the simpler estimate of the odds ratio is used in this article. 26 One of the examples concerns two 2 × 2 tables. In the first table or job type 4 of 12 minorities and 3 of 8 majority members pass; in the second 2 of 14 minorities and 3 of 15 majority members pass. The odds ratios in both tables equal 5/6, i.e. the tables are homogeneous. In the combined (collapsed) table 6 of 26 minorities and 6 of 26 majority members pass, so the pass rates of both groups are identical and the odds ratio is 1.0.
27 Declaration of Defence Expert for case No. 11-cv-00256-MSK-KMT. 28 Ibid at 3 (point 8). 29 Ibid at 4 (points 9 and 10).
Page 9 of 19 Statistical issues arising in the Kerner v. Denver: A class action disparate impact case AccuPlacer success rates are the same across titles′. He finds similar results for both African-Americans and Hispanics. 30 With respect to Expert P′s discussion of the effect of the sample size on finding a statistically significant result, Expert D stated that this is not an accepted reason for deciding how to analyse a selection process. Rather, the decision on whether or not groups should be analysed separately should depend on economic theory, relevant facts in the case as well as statistical theory. He points out that in some job categories the minority and majority pass rates were essentially equal and argues that they should not be included either in a simple pooled analysis or a method aggregating within the group differences. He also questions Expert P′s table indicating that to find statistical significance one needed at least 140 applicants. Expert D points out that the Fisher′s exact test did find statistically significant results in three positions that had less than 140 applicants. 31 He notes that several experts have cautioned against routinely combining data. He quotes Gastwirth (1988) who wrote that ′It is useful to look at data in each of the strata or subgroups to make sure that the general pattern of odds ratios or differences from expected are similar … had minorities received a significant excess of promotions in one category, usually, one should not routinely combine this data with that of the three strata showing underrepresentation.′ 32
His final point notes that statistical aggregation methods such as the MH test are useful to determine whether there is an overall significant result, it provides no information with regard to any single group. He presents an example (Table 5 ), which will be discussed in Section 5 to illustrate how a very significant result in one group or strata, when combined with data in another group in which the pass rates are essentially the same, would lead to a statistically significant result in the MH combined analysis.
Comments:
(1) The purpose of stratifying or forming similarly subgroups is to control for or eliminate the effect of other variables, such as educational background in the analysis. While expert D is correct when suggesting that these background factors are likely to differ between applicants for higher level positions and lesser jobs, when one analyses data stratified by job applied for, this would only be a ′potential problem′ if there were a substantial difference in the distribution of background qualifications in the minority and majority individuals applying for the ′same′ position. Although this might be the case, expert D does not provide any evidence that the applicants for the same position do not have similar amounts of education or relevant experience. Thus, expert D′s demonstration that the differences in pass rates of applicants of each race for the ′different′ positions are statistically significant, does not show that an appropriate analysis of the stratified data that combines the comparisons of the pass rates of minority and majority applicants ′separately′ for each position is not appropriate. It does raise a legitimate question about the propriety of simply pooling the data for all positions into a single table as in Table 1 for analysis. (2) Expert D is correct when he points out that the sample size calculations of Expert P do not apply to the individual subgroups. In those calculations, expert P assumed that the demographic mix and pass rates of minority 30 Ibid at 5 (point 11). Again, notice that Expert D makes the same misinterpretation of the p-value of a statistical test as Expert P made in Table 1 of Section 2. The probability 0.0001 is calculated assuming the pass rates in all 21 positions are equal. It means that the probability of observing a variation in these rates at least as large as observed in the data is one in 1000 assuming the pass rates were equal. This result tells us that if the hypothesis or assumption of equal pass rates in the 21 positions is true, our data was very unlikely to occur. Such a rare outcome seems inconsistent with the assumption of equal pass rates so we infer that this assumption is not correct and the alternative assumption that the pass rates vary is more likely to be correct. 31 Ibid at pages 7 and 8. In Table 2 , jobs CCT, 311 CSA and EA I had sample sizes of 62, 91 and 139, respectively. Note that for those three jobs, the proportion of minority candidates, the pass rates for minority and majority are all different than the numbers in expert P′s assumption. In particular, the proportions of minority candidates are: 64.5%, 69.2%, and 46.8%, different than the 62% in expert P′s assumption. The passing rates for minority for those three jobs are: 72.5%, 69.8% and 60%, also different than the 67% in expert P′s assumption. The pass rates for majority are: 100%, 92.9% and 81.1%, different than the 83% in expert P′s assumption. 32 Ibid at page 8 quoting Gastwirth (1988) Table 2 vary noticeably, a preferable analysis would have determined the minimum sample size in each stratum to have a reasonable power to detect a prespecified odds ratio or other measure of the difference in the pass rates. 33 (3) Courts have noted that plaintiffs cannot focus on hiring data for a few months when relatively few minority members were hired to prove that the defendant had a discriminatory policy when the full year′s data indicated fair hiring. Considering a yearly hiring pattern for each month separately is similar to considering the pass rate differences separately for each position. Sampling variation in the qualifications of applicants over a year can lead to the data in one or two months that appear discriminatory, although the data for the entire year indicates fair hiring. Similarly, a test that generally has a disparate impact may yield roughly equal pass-rate data in a few groups. 34
An alternative analysis of the data
Before analysing the data it is useful to review the commonalities in the analysis of data arising in multi-centre clinical trials and other stratified data sets that occur in medical statistics and EEOC cases as many of the statistical methods were originally developed to analyse data arising in biostatistics. 35 There is not a perfect parallel because the statistical inferences drawn from the employment data of one defendant only apply to that specific defendant and indeed only to the time period relevant to the particular case. A survey by Fleiss (1986) emphasizes that multi-clinic trials are used to obtain an adequate sample size to detect a difference between treatments and the need to ′generalize′ the study′s results to more than one kind of patient and one kind of treatment facility. The patients in the different clinics may vary in the average levels of their response to the treatment received due to their varying demographics and prior medical histories. Additionally, Fleiss (1986) observes that there often will be some deviations from the study protocol between the clinics and they may use somewhat varying criteria to evaluate response to treatment. Thus, one expects some variation in the response to the treatments under investigation among the clinics and in the differences between the response rates of treatment and control groups. This variation in the differences in response is called treatment by clinic interaction and can cause difficulties in interpreting the results of the standard statistical analysis of stratified data. Consequently, Fleiss recommends using a significance level of 0.10 rather than the usual 0.05, to test for interactions. When interaction is not a serious issue, Fleiss (1986) observes that averaging ′within′ clinic differences is almost always justified, 36 while combining the data from each 33 In some applications, the difference between the pass rates or the ratio of the smaller rate to the larger rate is used as the measure of the magnitude of the disparity. 34 See Roman v. ESB, 550 F. 2d 1343 (4th Cir. 1976) noting that plaintiffs cannot focus on data for an isolated time period (3 months) to prove a pattern of discrimination in hiring data for an entire year. Similarly, in jury discrimination cases, the fairness of minorities on jury pools is determined by analysing demographic data on individuals called for jury service over a reasonable time frame and not a defendant′s jury or venire. A fair system, which approximates random sampling of the jury eligible population, will produce some venires in which minorities are under-represented due to normal sampling fluctuation. Similarly, sampling fluctuations in an unfair system will create some isolated periods where minorities are represented in proportion to their share of eligible. Thus, data for all 12 months in a year or all relevant job groups should be considered in assessing whether a test used in all of them has a disparate impact. 35 For example, the MH (1959) test, which refined the earlier procedure of Cochran (1954) , was developed for the analysis of epidemiologic studies. 36 While Fleiss (1986) focused on the difference in mean responses, the focus in disparate impact is on the difference in success rates. Government guidelines use the selection ratio or the minority pass rate divided by the majority pass rate to assess the difference and state that in general a test with a selection ratio less than four-fifths or 80% has a disparate impact. Statisticians often use the odds ratio of the rates to measure the magnitude of the disparity in success or response rates in the two groups (Mosteller, 1968) . When there is no interaction, the appropriate average of the differences in the various clinics is considered the estimate of the overall effect of the treatment. In our application, no interaction means that the odds ratios of the Page 11 of 19 Statistical issues arising in the Kerner v. Denver: A class action disparate impact case clinic into one large data set for analysis, i.e. ignoring differences between the clinics, is only rarely justified.
In the context of the Kerner v. Denver case, the strata are the different positions and correspond to the clinics in multi-centre clinical trials. Because the response under scrutiny is the passing of a test, the potential problem of differential measurement of the response to treatment between clinics does not arise. Also, applicants for a specific position are likely to have similar educational levels, so there probably is less variation between minority and majority applicants within each stratum than there is in the prior medical history of patients in a single clinic. On the other hand, interaction between the position and the odds ratios of the pass rates between minority and majority applicants could well exist and an appropriate statistical test will be used to check that this is not a problem in the Kerner data.
With respect to the expert reports in Kerner, these considerations support expert D′s questioning of the first analysis of expert P, who combined the data for all positions and did not provide a statistical justification for doing so. On the other hand, expert D′s demonstration that the pass rates of each of the race-ethnic groups varied significantly with respect to the position applied for, while interesting, is not especially relevant to the main issue, which is whether the odds ratios of the success rates of the two groups are similar across the different strata. 37 Because both the magnitude of a difference and the sample sizes in the two groups affect the p-value of a test, which determines whether a difference reaches statistical significance, plaintiffs and their experts often aggregate data before analysing it, while defendants and their experts argue for analysing the data in each subgroup. For example, plaintiffs in both Wal-Mart cases 38 aggregated data on promotions from all stores or districts within a region of the nation into one 2 × 2 table as in Table 1 . In the context of certifying a nation-wide class action case, the Supreme Court rejected that analysis because of a concern that a small number of stores or districts could create a statistical significant result, even if the promotions were fair in a majority of locations. 39 Following Miao and Gastwirth (2016) and Gastwirth et al. (2003) , we will apply a statistical test to assess whether it is appropriate to combine the stratum-wide differences into a single summary statistical test. 40 While the information required for these tests is contained in Table 2 , the results will be clearer if it is reformulated so that the minority and majority pass rates for each position (strata) are reported, rather than the minority shares of applicants and passers. Table 3 provides this information, along with the pass rates for each position. Examining Table 3 , one notices that ′all′ applicants for the Administrative Support Assistant I (ASA I) position passed the test. Hence, that data will not enter Table 3 . Reformulation of the minority and majority pass rate data for disparate impact analysis pass rates in the different strata follow a consistent pattern, i.e. almost all are less than (or greater than) one and the ones that might be in the opposite direction are barely greater (less) than one. In this situation, the MH test can be applied to the data and has an associated estimate of the summary or overall odds ratio, which is a weighted average of the odds ratios in the individual strata. 37 Statisticians often use the odds ratio to assess the disparity in success rates but the difference between the pass rates is also used. Radhakrishna (1965) investigated the correlation between the most powerful test when the differences between the pass rates in the strata are equal and the MH test, which is optimal when the odds ratios are the same in all the strata. In most situations, the two procedures have a high correlation, so using the MH test when the differences in pass rates are consistent with a common value is still a reasonable procedure.
38 Wal-Mart Stores, Inc. v. Dukes, 131 S. Ct. 2541 (2011 ) and 964 F. Supp. 2d 1115 (N.D. Cal. 2013 . 39 Ibid at 2555. 40 To check whether the odds ratios of the pass rates in several 2 × 2 tables are equal (or homogeneous), the Breslow-Day (1980) test is commonly used. This checks whether the data is consistent with a common odds ratio in all tables. Thus, it is testing for a stronger requirement than a test for interaction, which focuses on whether some odds ratios are less than 1.0, corresponding to the situation when the pass rates in that strata or group are equal, while others are greater than 1.0. The GailSimon (1985) into the MH test. 41 Because there were only 35 applicants for that position out of a total of about 3600, it is sensible to delete this small portion of the data and examine the data for the 20 other positions. In the context of an EEOC case, this also makes sense as ′none′ of the applicants for this position would be eligible for damages as the test had no effect on their chances of obtaining a job. Thus, it would have been appropriate for the court to exclude applicants in that job category from the class.
The reader should be aware that odds ratios, especially calculated from small samples, e.g. job categories, FIC, HO, HRT, MCT, VIC are quite variable, so one needs to apply a formal test to decide whether the variation is so great that the odds ratios are not consistent with a common underlying one. The appropriate statistical method is the Breslow-Day test (Breslow and Day, 1980) . Firstly, it calculates the MH estimate of a common odds ratio and then predicts what the data in each stratum would look like if it were generated from a system with that common odds ratio. Then the test compares the actual data in Table 3 to those predictions.
Applying the test to the data for the 20 positions, yields a p-value of 0.69, far exceeding the recommended threshold (Fleiss, 1986 ) of 0.10 for statistical significance for interaction type tests. 42 Statistical issues arising in the Kerner v. Denver: A class action disparate impact case Thus, the observed pass rates for the 20 jobs are consistent with a common odds ratio and the MH estimated common odds ratio is 0.403, which is statistically significantly less than 1.0 (p-value < 10-9). Furthermore, an odds ratio of 0.40 means that the odds a minority applicant had of passing the AccuPlacer test were ′less than one-half′ those of Caucasian applicants. This is a substantial disparity between the minority and majority pass rates. For example, suppose 50% of majority applicants pass an exam. In order for odds ratio to equal to 0.4, the pass rate for minority group would need to be 28.6%. It is difficult to imagine a court not finding such a large and highly statistically significant difference in pass rates establishes a prima facie case of disparate impact, even without any formal statistical hypothesis testing.
Consistency of the observed number of statistically significant results with the estimated common odds ratio
The defendant argued that because applying Fisher′s exact test to the data in each of the twenty-one job titles yielded only eight statistically significant differences, one could not conclude the test had a disparate impact. First, notice that in three strata, the sample size within the particular strata is too small for Fisher′s test to conclude statistically significant disparity even if the passing rates in Whites and minorities are quite different. 43 This means that the defendant found a statistically significant result at the .05 level in eight of the eighteen job categories where the sample sizes are large enough that significance can be reached. 44 Two types of calculation help to understand the strength of observing 8 statistically significant results in 21 comparisons. Firstly, when the hypothesis of equal pass rates is true, when 21 data sets are analysed at the 0.05 level, one expects about ′one′ of the 21 to be statistically significant as a result of normal statistical fluctuations. 45 The probability of finding 8 or more significant different test results at the 0.05 level when the pass rates are the same in all 21 groups is just 4.41 × 10 -6 or less than one in two hundred thousand. Thus, finding at least eight significant results in 21 tests should lead to rejecting the hypothesis that the minority and majority applicants had the same pass rate in each of the positions. 46 A second calculation compares the number of statistically significant results that one expects to observe if the disparity in the pass rates in the different strata are consistent with a common odds ratio that are legally meaningful. The authors believe it would be reasonable for courts to consider odds ratios of 0.667 or 0.50 as applicants is significantly below what its value would be if the pass rates were equal in all job groups. Statisticians often recommend the use of significance levels greater than 0.05 for a preliminary test that checks whether the data are consistent with the assumptions needed for the validity of the statistical procedure used to test the main hypothesis. For example, Bancroft (1944) suggested the use of 0.25 for checking whether several data sets that will be analysed in a regression can be pooled into one common sample, Gastwirth et al. (2009) found that when checking whether the variances of several data sets are equal with the Levene (1960) test, the level 0.15 was appropriate. From the model building point of view, if we fit a logistic regression predicting the passing rates, the model using race and job titles produce a BIC of 6255, while the model with race, job title and their interactions gives a BIC of 6277. Therefore, the model without interaction is preferred. 43 The three strata are HO, HRT and VIC. 44 One could argue that the configuration of the data for the ASA I position also precludes finding a statistically significant result as all applicants passed, however, to be fair to the defendant we include it as before one examined the data and saw that all applicants passed, a statistically disparity could have been observed. 45 Since each data set has probability 0.05 of yielding a statistically significant results, the expected total number of significant data sets is 21 × 0.05 = 1.05. Even though the data configuration in three positions had no possibility of yielding a statistically significant Fisher′s exact test, to be fair to the defendant we consider testing all 21 data sets. The relationship between sample size and the possibility of finding statistical significance was illustrated in the second declaration of Expert P; supra n. 12 at 8-10 points 19-21 but Expert D, supra n. 22 at 9-10 point 15, showed that the findings in the declaration of Expert P did not apply to all the data sets in the case. Statistical issues arising in the Kerner v. Denver: A class action disparate impact case indicating a disparity worth justification. 47 The power of the Fisher′s exact test at a particular alternative, e.g. the odds a minority passes the test are one-half (0.50) those of a white, is the probability that the test of the difference in pass rates of the data configuration will classify the observed disparity as statistically significant. 48 Table 4 shows the power of a one-sided Fisher′s exact test to detect odds ratios of 0.75, 667, 0.50 and 0.40 in each of the job titles. As noted previously Fisher′s exact test of the data in three jobs can never find a statistically significant difference, i.e. its power is zero. For the position ASA I where every applicant passed, the power is also zero. If the common odds ratio were two-thirds, one would expect the Fisher′s exact test, focusing on a disparity disadvantaging minorities, to detect only 4.398 significant results, i.e. one expects to find a statistically significant difference in pass rates in about four or five job titles out of the 17 in which statistical significance is possible. If the common odds ratio were 0.50, one expects 6.68 of the tests to be significant. If the common odds ratio equaled 0.40, one expects 8.28 tests to reach significance; which is very consistent with the eight significant results obtained by Expert D.
Note: The power of the test for each position is calculated from the distribution of the number of minority passers given the numbers of minority and majority applicants and the total number of passers from both groups. This distribution is known as the non-central hypergeometric and is described in Agresti (2002, p. 99) . Because the formula is complicated, the results in the table were obtained using the pFNCHypergeo function in the Biased Urn Package in R developed by Fog (2015) .
Further discussion of the expert reports and rebuttal declarations
The analysis presented in the previous two sections clearly supports the plaintiffs claim that the AccuPlacer test had a statistically significant disparate impact on minority applicants to most of the positions for which Denver used it. Neither expert appears to have checked the data in Table 3 to ascertain whether it was appropriate to combine the differences or odds ratios of the stratum into one summary measure of disparity. Expert D raised an interesting point in his rebuttal declaration. 49 After noting that one should check that the general pattern of the odds ratios or differences is similar, he points out that the MH and similar aggregation techniques do not provide information with respect to a particular group. He provides an example of data from a hypothetical sex discrimination case where there is statistically significant shortfall of female hires in one position (Sales) while the hire rates are equal in the second position (Accounting). The data and statistical results are given in Table 5 .
Following the approach used in our reanalysis in Section 3, before analysing the data with the MH test one should see whether the data for the two positions in Table 5 have a common odds ratio. Both The determination of the measure and specification of a legally meaningful degree of disparity is a legal, rather than statistical question. The government guidelines specify that a selection ratio, i.e. the ratio of the minority to majority pass rate, less than 0.80 indicates the test or job requirement has a disparate impact. There is not a direct correspondence between the selection and odds ratios of a pair of pass rates or probabilities. When 40% of a minority group passes a test and 50% of the majority pass, the selection ratio is 0.80 and the odds ratio is 0.667. This suggests that a test or job requirement where the odds ratio of the pas rates is 0.667 is worth examination.
48 See Gastwirth (1988) at 132-150, Zeisel and Kaye (2000) at 88 for a discussion of the concept of power and its importance and Gastwirth and Xu (2014) for a description of the relationship of the power of a test and the size of the available sample.
49 Supra n. 22 at 9 and 10, points 17 and 18. Tarone (1985) yield a p-value of 0.03 ′well below′ the recommended threshold of 0.10. Because the odds ratios in the two strata in Table  5 are statistically significantly different one should not routinely use the MH test as Expert D did.
The example given by Expert D demonstrates that one should not simply apply the MH or other statistical procedure combining stratum-specific analyses without ensuring that the odds ratios or other measure of disparity are consistent across the strata. 50 This is why the analysis in Section 3 used the BD test to check that the odds ratios of the pass rates in the 20 positions were sufficiently similar that the MH procedure can be applied.
Summary and discussion
The problem of analysing applicant or employee data that is either naturally stratified by location or by job type has arisen in several important cases. 51 The first set of expert reports in Kerner display a 50 The BD test checks to see whether the odds ratios in each stratum have a common value. This is a more stringent hypothesis than there is no interaction between the odds ratios and the strata as all the odds ratios may be less than 1.0, indicating minorities performed worse on the test in all the strata but they may not have a common value. The appropriate test for no interaction is the Gail-Simon (1985) typical pattern. Plaintiffs create as large a sample as possible, which may lead to small differences in pass rates being statistically significant even though they may not be legally meaningful. As the Court noted in Dukes v. WalMart a disparity in highly aggregated data may be due to disparities in a few of the component data sets. In contrast, the defendants argue that the data should be analysed separately for each stratum. Some courts have noted that repeatedly disaggregating the data into many small groups in which it is difficult to find statistically significant results may mask an overall decision making process that produces a discriminatory result. 52 Indeed, combination of stratified data is needed if the sample is so small that hiring ′zero′ minorities would not be classified as statistically significant. 53
The opposite problem arose in EEOC v. Autozone, where the plaintiffs′ expert analysed hiring data for managerial jobs by categorizing them into three salary bands and analysing the female and male hiring data in two time periods separately and also combined the data in each job for both periods. 54 He found statistically significant under-hiring in ′one′ job category (middle level managers). When the fact that he conducted nine tests on the data is taken into account, the result is no longer statistically significant. 55 See Gastwirth (2008) for further discussion of the statistical issues in the case and the need to adjust the criteria for determining statistical significance when multiple tests are applied to data. If the nine tests were statistically independent the probability of finding one statistically significant result at the .05 level when the employer′s hires were consistent with a random sample of the available labour force for each of the job categories would be more than .333 or one-third. The need to consider the potential effect of multiple testing on the conclusions drawn from a statistical analysis was noted recently by Judge S. Williams in his concurrence in Shea v. Kerry, 796 F 3d 42 (2015 Page 17 of 19 Statistical issues arising in the Kerner v. Denver: A class action disparate impact case significance at the 0.05 level, it is important that they ask the expert to provide both the p-value and the power each test has of detecting a meaningful disparity and why an overall or summary procedure was not used. 57 Many of the statistical techniques for analysing stratified data were originally developed for the analysis of biomedical data to ensure that the patients given a new drug and those given a placebo or existing drug were balanced with respect to other factors such as age and health status. For example, one could stratify patients in a heart study by the number of risk factors, e.g. high blood pressure, high cholesterol or history of smoking. Similarly, a number of case-control studies to assess whether a disease is related to an exposure are carried out by several researchers in different locations and all of the results need to be examined together. The Cochran (1954) and MH (1959) tests were developed to analyse such data.
In order to obtain an adequate sample size many studies of new drugs are conducted in several clinics or hospitals. Because the hospitals may use somewhat different protocols and the patients in the different communities are exposed to different environmental factors, the Breslow-Day test and similar procedures were developed to check whether the results obtained from each clinic could be combined to provide an overall or summary estimate of the effectiveness of the drug. The Breslow-Day checks whether the odds ratios are the same in all sub-groups; however, a new drug would be an improvement even if all the odds ratios were different, yet in the same direction indicating an increased survival rate. The Gail-Simon (1985) test was developed to test this weaker restriction on the odds ratios.
When analysing data obtained from multiple clinics or studies submitted to support an application for a new drug, the Food and Drug Administration (FDA) requires the overall statistical test to reach significance at the 0.05 level; but assesses whether the data are homogeneous using a 0.10 level test. 58 Thus, the basic analytic approach recommended here is a translation or adaptation of methods with a long history of successful use in the analysis of bio-medical and epidemiologic data to the EEOC context. Unlike clinical trials, where patients can be randomly assigned to the new or existing treatment, the individuals who apply for various jobs are self-selected. 59 Thus, there may be a greater need to consider data stratified into subsets containing similarly qualified minority and majority applicants in the EEOC context. Then an appropriate test for homogeneity or common pattern is applied to the data to ensure the appropriateness of using the MH or other combination method to obtain a test of significance and estimate of the overall disparity, if any, in the success rates of the minority and majority groups.
Neither expert in the Kerner case reports the results of an appropriate test to check that the odds ratios or other measure of disparity in pass rates were sufficiently similar so the stratified data could be analysed by the CMH or similar test using the data in all the strata to see whether the exam had an overall disparate impact and the stratum-specific odds ratios could be combined into a summary estimate of this impact. Indeed, it was only in their
